Polar Integration

Single Curves

These are easier but you should still do them, as there are some important points you may have forgotten!

1. Find the exact area of the finite region bounded by the curve with polar equation r = 2 sec 8 and the half-

IinestOandGz%

2. Acurve has polar equation r = 4 cos 26. Find the exact area of a single loop of the curve.
3. The curve C has the equation r = a(2 + cos 8), where a is a positive constant. Show that the total area

. 9ma?
enclosed by C is -

/

4. The diagram shows the curves with equationsr = 2cosf andr = 2sinf for0 < 6 < g /
a. Find the coordinates of the point of intersection of the two curves.

Overlapping regions
You have to find an area enclosed by two curves for each of these, so consider how you ¥ \
need to split the integral up. Remember, if it’s tricky... draw a piccy. I
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b. Find the exact area of the finite region contained within both curves. Question 4

5. Find the area of the region enclosed by the circle r = 3 and the cardioid
r = 3(1 — cosf)

6. The curves with equations r = 1 + sin 8 and r = 3 sin 8 intersect twice in the region
0 < 8 < 2m. The finite region R is contained within both curves. Find the area of R.

7. Two curves have polar equation 7 = 2 + V2 cos@ and r = 2.

a. Find the polar coordinates of the points of intersection of the two curves.

b. Find the exact area of the region that lies inside r = 2 + v/2 cos 6 but outside r = 2 Question 7

Harder Questions & Links to Loci

/

8.r =1+ sin@ andr = 3sin @ are shown below
a. Find the values of 8 at the points of intersection of the curves.
b. Find the exact area of the finite region contained within both curves, giving your \
answer in the form pm + q+/3, where p,q € R / \
il
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Question 8

9. A complex region R is defined on an Argand diagram by A = {Z:% <argz < n} N{z:|z+ 12 —5i| <13}

a. Sketch the region R on an Argand Diagram
b. Find the area of the region defined by R correct to 3 significant figures.

10. The curves C; and C, have polar equations r = a(1 4 cos 8) and r = a(1 — cos 8) respectively. Show that the

2
exact region common to the interiors of both curves is % (3T —8)



Solutions

1. Find the exact area of the finite region bounded by the curve with polar equation r = 2 sec 6 and the half-
lines@ =0and =%

These form a triangle, which has a hypotenuse of 2 sec% =22

A

Given the half-line is y = x , this is a right angled triangle with base 2 and height
2. The Area is then % X 2 X 2 = 2 units?.

Or...

A= %fozélsecze d6 = 2[tan 6]}

A=2(tan%—tan0)=2

2. Acurve has polar equation r = 4 cos 26. Find the exact area of a single loop of the curve.

// \\ Loop meets the pole at %, —%
\ Vs

1 (2
\ / A=2x5f (16 cos? 26) d
0

T T

4 4
A=f (8+8cosze)d9=8f (14 cos26)d 6

0 0

Vs

1 (1
A=2><§f (16 cos?20) do
0

/ Apply cos? 8 = % + %cos 20

1 3
= [9 + =sin 29]
2 0
=2m
3. The curve C has the equation r = a(2 + cos 6), where a is a positive constant. Show that the total area

. 9ma?
enclosed by C is o

1 21T
A= Ef a?(2 + cos6)? db
0

a2 2
=7f 4 + 4cosB + cos? 0 db
0
a2 (2" 1 1
=7f0 4+4c059+§+§c0529 de

a? 9 1 m
= 7[59 +4sinf + Zsm29]0
a2
=— 9m)
9ma?
-2




4. The diagram shows the curves with equationsr = 2cosf andr = 2sinf for0 < 6 < g

Find the coordinates of the point of intersection of the two curves.
Find the exact area of the finite region contained within both curves.
a. Solve 2 cos @ = 2sinf

Divide through by 2 cos 8

a.
b.

tanf =1
6_11
4

2
Because these circles are the same size, the region enclosed by both symmetrical in the

. T
line B = —.
4

2
Therefore, find the area enclosed by r = 2 cos 6 from8 = 0to 6 = % and double.

Question 4
b3

1 (% i
A=2><Ef (2sin6)? do = f 4sin’ 6 do
0 0

s

7 1 7
=2f 1 — cos 260 d9=2[6——sin26]
0 2 0

T[ 1
2

Find the area of the region enclosed by the circle r = 3 and the cardioid r = 3(1 — cos8)

5.
T
X

Find intersections:
3 =3(1—cosh)
cosf =0 /
0 =42 1
t5 \
Symmetry across the initial line therefore calculate the upper half and &

A

~L_ o

double it.
From 0 to g the cardioid is closer, then from g to 1 the circle is closer.

12 1 ("
Area = 2 X —f 9(1—C059)2d9+—f 32d6
2 ) 2 z

T

73 1 i
=9f ——2c0s0 + =cos260d6 +9[0]%
0 2 2 >

939 2si 9+1 i 29%+9ﬂ
[2 sin 7 Sin 15 >

=1
18



6. The curves with equations r = 1 4 sin 8 and r = 3 sin 6 intersect twice in the region 0 < 8 < 2m. The finite
region R is contained within both curves. Find the area of R.

Points of intersection /3 /3

1+ sin8 = 3sinéf

1
sm@—z

T 5
=6

There is symmetry about the y axis therefore

[ —Ra
H..____N

1 (6 1(2
A=2X —f (35in29)d9+—f (1+ sinB)? do
2 ), 2%

Y Vi

6 2
:f 9sin29d9+.L 14 2sinf +sin® 6 do
0

T

69 2 1
=f —(1 —cos26 d9+f 14+ 2sinf +—=(1—cos26) db
0 2 T 2

_[99 9sin29]%+[39 beosp L _20%
=13 7 2 cos 4(sm )%
_3m 9B m 93
4 8 2 8
5t



7. Two curves have polar equationr = 2 + V2 cosfandr = 2.

a. Find the polar coordinates of the points of intersection of the two curves.

b. Find the exact area of the region that lies inside r = 2 + /2 cos 6 but outside r = 2
a. T=2++2cosf =2

m 3T
0==>,=>
272

PR
S

Coordinates are (2,%) and (2 ,%n)

b. The outer curveis 7 = 2 + /2 cos8 between —gandg, and the inner curve isr = 2.
1 T
2 2
A=—f (2++V2cos0) —22do
2)_m
2

Symmetrical about the initial line so change limits to 0 to g and double.

T

2
A= f 42 cos O + 2 cos? 6 do
0

b3 T
2

2 1
=.[ 42 cos 0 + 1 + cos 20 d9=[4\/§sin9+9+zsin29
0 0

T
=4\/§+E

8.r=1+4sinf andr = 3sin@ are shown below

a. Find the values of @ at the points of intersection of the curves.
b. Find the exact area of the finite region contained within both curves, giving your

answer in the form pm + g+/3, where p,q € R

a.1+sinf = 3sind

51
6

T
Intersect at 8 = . and Question 8

b.

1 (6 1(2
A=2X —f (3sin9)2d9+—f (1+ sin®6)do
2 )y 2%

2 %1 20)d 23 2 si ! 20 ) d
_EL( — cos 20) 9+f%<§+ sm@—zcos 9) 0

9 1163 1 1z
—5[9—§sm29]0+[§9—2C059—Zsm29]%
5 9\/§+3n T 5V3
Tt T Ty Ty T2 g
_57‘[ \/§

+
4 8



9. A complex region R is defined on an Argand diagram by A = {Z:% <argz < n} N{z:|z+ 12 —5i| < 13}
a. Sketch the region R on an Argand Diagram
b. Find the area of the region defined by R correct to 3 significant figures.

a. Key points for sketch
0= gand 6 = m are half lines at g and 7 respectively

|z + 12 — 5i| < 13 is a circle centred on (—12,5) with a radius 13

(0,10)

(—24,0)

b. Thecircleis (x + 12)% + (y — 5)? = 132
(rcosf + 12)% + (rsinf — 5)"2 = 169
r? cos? 0 + 24rcosf + 144 + r? sin? @ — 10r sin @ + 25 = 169
r?2 4+ 24r cosd — 10rsinf = 0
Divide r without loss of a solution
r=10sin6 — 24 cos

Hence find the area beneath this polar curve within the limits 8 = gand 0=m

1 T
A= E,[T[ (10sin@ — 24 cos 0)? dO
2
1 T
= EJ;T 576 cos? O — 480cosfOsind + 100 sin® 0 db
2

1 T
= E,[T[ 288(1 + cos 20) — 2405sin 260 + 50(1 — cos 260) dO

T 1
= L 144(1 4+ cos20) — 120sin 26 + 25 (1 — 5 cos 29) do

T

2
1 1
= [144 <9 + Esin 29) + 60 cos 20 + 25 (9 — Esin 29))]

T

= 385



10.. The curves C; and C, have polar equations r = a(1 + cos8) and r = a(1 — cos ) respectively. Show that the

2
exact region common to the interiors of both curves is a? (3T —8)

. T 3T
Intersections at 8 = 3 and >

Symmetrical in the line % and in the initial line therefore we can find the areafrom 8 = 0to 0 = %and multiply by 4.

This inner boundary is therefore r = a(1 — cos 0)

1z
A=14x (Ef a?(1 — cos 6)? d9>
0

T

— 9,2 2, _ 2
= 2a a“(1—2cos@ + cos“ 0) do
0

s

_aa2 [Pa2d 1
= 2a a“(z—2cosB +—-cos20)deo
0 2 2

ol

= 2a? FB — 2sin6 +lsin29]
2 4 .

2

—a2 (3 % a3
= 2a 2 2+0 —2(377,' 8)



